Based on a recently developed quantum dissipation formulation ͓R. X. Xu and Y. J. Yan, J. Chem. Phys. 116, 9196 ͑2002͔͒, we present a reduced Liouville-space approach to evaluate the response and correlation functions of dissipative systems. The weak system-bath interaction is treated properly for its effects on the initial state, the evolution, and the correlation between coherent driving and non-Markovian dissipation. Numerical demonstration shows this correlated effect cannot be neglected even in the calculation of linear response quantities that do not explicitly depend on external fields. Highlighted in this paper is also the proper choice of theory among various formulations in the weak system-bath interaction regime.
I. INTRODUCTION
Quantum dissipation theory ͑QDT͒ plays a crucial role in many fields of modern science. [1] [2] [3] [4] [5] [6] [7] The key quantity here is the reduced system density operator ͑t͒, defined formally as the partial trace of total density operator over the bath degrees of freedom; i.e., ͑t͒ϵtr B T ͑t͒, whose evolution is governed by reduced Liouville equation. There are two conventional prescriptions of reduced Liouville equation. One is characterized with a memory-kernel dissipation superoperator,
Another is with a time-local dissipation superoperator, ͑t͒ = − i͓H͑t͒,͑t͔͒ − R͑t͒͑t͒. ͑2͒
As the time ordering in the involving dissipation superoperator is concerned, Eq. ͑1͒ with the memory kernel ⌼͑t , ͒ is also referred as a chronological ordering prescription ͑COP͒, while Eq. ͑2͒ with the time-local R͑t͒ as a partial ordering prescription ͑POP͒. The development of QDT based on reduced Liouville equation description, aiming at numerical tractability and application versatility, has remained as a challenge, especially when there coexist external laser field driving and non-Markovian dissipation.
In this paper, we shall be interested in a class of complete second-order QDT ͑CS-QDT͒ formulations, in which the system-bath interactions are treated rigorously to the second order for both the initial reduced canonical density state and the induced dynamics in the presence of time-dependent external excitation field. Two of such formulations, COP-CS-QDT and POP-CS-QDT, resembling the aforementioned two conventional prescriptions, respectively, can be readily constructed. [8] [9] [10] [11] [12] [13] Various CS-QDT formulations are nonequivalent in their resum schemes for approximating the effects of high-order system-bath interactions on ͑t͒. More important here is however the physical consequence. It has been shown in Brownian systems that while the POP-CS-QDT remains well behaved, the COP-CS-QDT may result in unphysical results. 13 On the other hand, the POP-CS-QDT consists of a set of semicoupled nonlinear differential equations. It has thus the numerical and application disadvantage in comparison with the COP-CS-QDT which consists of a set of linearly coupled equations of motion ͑EOM͒. We have recently proposed a novel, partial-ordering-memory CS-QDT, termed as correlated driving and dissipation equations ͑CODDE͒, 12, 13 which in a sense combines the aforementioned merits of the two conventional formulations. We shall show in this paper that CODDE is, in general, the choice among various CS-QDT formulations. With its application made to the evaluation of response and correlation functions, the importance of non-Markovian dissipation will also be illustrated clearly.
The remainder of the paper is as follows. In Sec. II, the construction of CODDE theory together with its linear dynamic space are presented. The reduced Heisenberg picture of CODDE dynamics is outlined in Appendix. The reduced response theory is then developed in Sec. III A in terms of CODDE-space dynamics, and numerical demonstrations are made in Sec. III B. Remarks are made in Sec. IV and the paper is concluded. ministic system Hamiltonian that governs coherent motion, and HЈ͑t͒ describes the system-bath interaction which is stochastic in nature and governs dissipation. The deterministic system Hamiltonian in the presence of external laser field driving assumes
The stochastic system-bath interaction can in general be decomposed as HЈ͑t͒ =−͚Q ␣ F ␣ ͑t͒, where ͕Q ␣ ͖ and ͕F ␣ ͑t͖͒ are Hermitian operators in the reduced system and stochastic bath subspaces, respectively. Theoretical constructions that lead to the aforementioned three nonequivalent CS-QDT formulations have been given elsewhere in detail. 12, 13 In this paper, we focus on the CODDE formulation, which is considered as the choice of theory among various CS-QDT formulations as far as versatility is concerned. 13, 14 For clarity the system-bath interaction is assumed to contain only one single term,
The stochastic bath operator F͑t͒ satisfies the stationary Gaussian statistics, in which ͗F͑t͒͘ B is set to zero, without loss of generality, and the correlation function is denoted as C͑t͒ϵ͗F͑t + ͒F͑͒͘ B . To express the CODDE formulation in terms of EOM, a parametrization method is adopted by which 9,12-14
The parameters m and m are in general complex. Throughout this paper, we set ប ϵ 1 and ␤ ϵ 1/͑k B T͒, where k B is the Boltzmann constant and T the temperature. For the later use, we shall also introduce 
The auxiliary state operators ͕ m ͑±͒ ͑t͒ ; m =0,1,¯, m͖ are responsible for the correlated driving and dissipation, amounting effectively to a partial-ordering-memory dissipation kernel on the reduced density operator.
In Eqs. ͑7͒, L͑t͒ is the reduced system Liouvillian and R s denotes the field-free dissipation superoperator. They are defined via their actions onto an arbitrary operator A as
Note that for an arbitrary superoperator O, its left and right actions can be equivalently related via the identity of Tr͕A͑OB͖͒ ϵ Tr͕͑AO͒B͖. The right actions equivalent to Eq. ͑8͒ are therefore
The left and right actions of Liouville-space operators will be used later for describing the reduced dynamics in the Schrödinger and Heisenberg pictures, respectively. The field-free R s is also often called Redfield tensor. It is time-independent arising from the condition that the system is initially at the thermal equilibrium state before the external field acts. 7, 12, 15 It is equivalent, at the second-order QDT level, to the field-free kernel ⌼͑t − ͒ of Eq. ͑1͒, when the driving-dissipation correlation is neglected there. Both R s and ⌼͑t − ͒ can describe colored noises. The non-Markovian dissipation also contributes via the driving-dissipation correlation. Clearly, the evaluation of R s can be readily carried out for arbitrary bath correlation function C͑t͒ without invoking the parametrization as Eq. ͑5͒. The parametrization is only utilized to treat the correlated driving and dissipation in terms of coupled EOM.
The natural initial conditions to Eqs. ͑7͒, which assume the initial reduced thermal equilibrium state, are thus
with t 0 being any time before external field excitation. The reduced equilibrium density operator can be evaluated via ͑iL s + R s ͒ eq ͑T͒ = 0, together with the normalization condition. 13, 14 Clearly, Eqs. ͑10͒ serve for the stationary solution to Eqs. ͑7͒, provided that there is no continuous-wave driving.
Making in contact with applications, Eqs. ͑7͒ can also be of other properly prepared initial conditions ͑cf. Sec. III͒. In the cases where H sf ͑t͒ and ͑t͒ are Hermite, Eq. ͑7c͒ is the Hermite conjugation to Eq. ͑7b͒, and m ͑+͒ ͑t͒ = ͓ m ͑−͒ ͑t͔͒ † . The CODDE formulation ͓Eqs. ͑7͔͒ supports also the propagation of a non-Hermitian reduced doorway-state ͑0͒ prepared via an arbitrary non-Hermitian system-field coupling H sf ͑t͒, for example, in the case when the optical rotating wave approximation is applied. 5 The above properties, together with the linearity that will be elaborated soon, are required for the CODDE formulation to be readily applicable to a variety of problems, such as the nonlinear spectroscopy. 
B. The CODDE-space algebra
The CODDE ͓Eqs. ͑7͔͒ that consists of a set of linear coupled EOM can be recast as
where ͕͑m =0,1,¯, m͖ be implied hereafter͒
is a vector of 1 + 2͑m +1͒ elements. The involving linear dynamic generator ⌳ ͑t͒, together with its field-free ⌳ s and field-dressed ⌳ sf ͑t͒ components, are all specified via Eqs. ͑7͒ in terms of their actions on ͑t͒. In particular,
We shall hereafter refer the linear space defined by Eqs. ͑7͒ as the CODDE space. Its element associating with each individual operator A is ͓cf. Eq. ͑12͔͒
The CODDE-space scalar product can then be defined in the tetradic notation 16 as
͑15͒
Here, ͗͗A ͉ B͘͘ ϵ Tr͑A † B͒, and so on. The CODDE-space propagator is defined via
It is easy to show that
‫ץ‬Ĝ ͑t,͒/‫ץ‬ = Ĝ ͑t,͒⌳ ͑͒, ͑17b͒
and
In the absence of external field, the propagator reduces to Ĝ s ͑t − ͒ = exp͓−⌳ s ͑t − ͔͒, with the time-independent fieldfree generator ⌳ s . We would also like to extend the Heisenberg picture to the CODDE space via ͗͗A͑t͉͒ ϵ͗͗A ͉ exp͑−⌳ s t͒, or equivalently A͑t͒ϵA͑0͒exp͑−⌳ s t͒, where A͑0͒ϵA ϵ͕A ,0,0͖ with A being an ordinary dynamic variable that can be nonHermitian. The Heisenberg equation of motion in the CODDE space reads then
In Appendix, we show that Eq. ͑18͒ is equivalent to
The right actions of L s and R s were given by Eq. ͑9͒. Clearly, A͑t͒ = A † ͑t͒ and A m ͑±͒ ͑t͒ = A m ͑ϯ͒ † ͑t͒ if they were the case at t = 0. We have thus established the CODDE's Heisenberg picture in terms of the right action of ⌳ s via Eq. ͑19͒. The established Heisenberg picture here is closely related, but not identical, to the backward propagation in the CODDE space, which can also be defined unambiguously.
14

III. REDUCED THEORY OF RESPONSE AND CORRELATION FUNCTIONS
A. Reduced Liouville-space theory
Consider a weak probe measurement in which the coupling between the external probe field ⑀ pr ͑t͒ and the system assumes H pr ͑t͒ =−B⑀ pr ͑t͒ where B is a system operator. The induced expectation value of a system operator A is,
where ␦͑t͒ denotes the weak probe induced variation in the reduced density operator. The CODDE-space extensions to ␦͑t͒ and A are given by ␦͑t͒ and A͑0͒, respectively.
By applying the standard perturbation theory to Eqs. ͑7͒ or Eq. ͑11͒ to the first order of probe interaction, we obtain that
Here, B ϵ i⌳ pr ͑t͒ / ⑀ pr ͑t͒, i.e. ͓cf. Eq. ͑13͔͒
Note that in Eq. ͑21͒, both the probe-free Ĝ ͑t , ͒ and ͑͒ may be influenced by a pump field. In the absence of pump excitation, ͑͒ and Ĝ ͑t , ͒ reduce to the thermal equilibrium state eq ͑T͒ϵ͕ eq ͑T͒ ,0,0͖ and the field-free propagator Ĝ s ͑t − ͒. In this case, Eq. ͑21͒ resembles the conventional linear response theory,
but with the linear response function now being given by
The nonlinear response formulations can also be constructed based on the CODDE dynamics similarly by applying high order perturbations. The first identity in Eq. ͑24͒, which can be recast as AB ͑t͒ = ͗͗A͑0͉͒͑t͒͘͘, amounts to the CODDE-space Schrödinger picture for evaluating the response function. Here, ͑t͒ = exp͑−⌳ s t͒͑0͒ = ͕͑t͒ , m ͑−͒ ͑t͒ , m ͑+͒ ͑t͖͒ is propagated via the field-free version of Eqs. ͑7͒. The initial state is ͑0͒ = iB eq ͑T͒ with
The response function is then AB ͑t͒ =Tr͓A͑t͔͒. Note that for a Hermitian B, we have ͑t͒ = † ͑t͒ and m ͑+͒ ͑t͒ = m ͑−͒ † ͑t͒.
The 
Here, ͗O͘ϵTr͑O eq ͒.
The correlation function in terms of the CODDE-space dynamics can be obtained as
with B → eq ͑T͒ = ͕B eq ,͓B,Q m ͔ eq ,0͖. ͑28͒
The Schrödinger picture of Eq. ͑27͒ is C AB ͑t͒ = ͗͗A͑0͉͒͑t͒͘͘ with the initial ͑0͒ = B eq ͑T͒. On the other hand, the Heisenberg picture of Eq. ͑27͒ amounts to
Clearly, for Hermitian A and B, we have ͓cf. Eq. ͑26͒ vs Eq. ͑29͔͒
The above response and correlation functions are given in the t ജ 0 domain. The extension to the t Ͻ 0 domain can be made via AB ͑−t͒ =− BA ͑t͒ and C AB ͑−t͒ = C BA * ͑t͒, respectively. The fluctuation-dissipation theorem that relates correlation and response functions reads
The correlation function here is set to be of C AB ͑ϱ͒ → 0. As a CS-QDT theory is concerned, the response function and correlation function presented earlier in this section satisfy Eq. ͑31͒ up to the second order of system-bath interaction. Also note that the exact response and correlation functions, AB ͑t͒ = i͓͗A M ͑t͒ , B M ͑0͔͒͘ M and C AB ͑t͒ = ͗A M ͑t͒B M ͑0͒͘ M , are defined in the complete system-plus-bath matter space. In contrast, the first terms in the right-hand side of Eq. ͑26͒ and Eq. ͑29͒ are defined in the reduced system space, rather than the complete matter space, and the evolution of A͑t͒ depends only on itself with the field-free dissipation R s ͓cf. Eq. ͑19a͔͒. The discrepancy here is compensated to the second order of system-bath interaction by the second terms in Eq. ͑26͒ and Eq. ͑29͒ by considering the contribution from driving-dissipation correlation.
B. Numerical demonstrations
To demonstrate the importance of the correlated coherent driving and non-Markovian dissipation contributions, we consider dissipative one-dimensional systems with
The "bare" system potential V͑q͒ in Eq. ͑32͒ will be chosen to be harmonic or Morse, respectively, in the numerical study. The renormalization H ren assumes the CaldeiraLeggett model, 7 ,17
Here, J͑͒ϵRe͓Ĉ ͑͒ − Ĉ ͑−͔͒, denoting the interaction bath spectral density. In the numerical calculation, it will be chosen to be a cutoff Ohmic-like model,
This model is among the parametrization schemes that lead to the bath correlation function C͑t͒ to be of the form of Eq. ͑5͒.
13,14
In the following, the coordinate correlation function C͑t͒ will be calculated directly via Eq. ͑27͒ ͓or Eq. ͑29͔͒, and also indirectly via Eq. ͑24͒ ͓or Eq. ͑26͔͒ followed by the fluctuation-dissipation theorem Eq. ͑31͒, and the results will be reported in terms of the spectrum C͑͒; i.e., the Fourier transform of C͑t͒ − C͑ϱ͒. In all the cases shown below, the CODDE's results from the above two approaches match each other pretty well, indicating the consistency of the formulation itself. The importance of including the correlated driving-dissipation effects, the second terms in Eq. ͑29͒ and Eq. ͑26͒, will also be highlighted.
Let us first consider a Brownian oscillator, V͑q͒ = ͑1/2͒M⍀ 2 q 2 , which is an analytically solvable model. 7, 13 Depicted in Fig. 1 are the CODDE's results of C͑͒ ͑solid curves͒ in comparison with the exact ones ͑dashed curves͒, for two specified values of the cutoff frequency c in the bath interaction spectral density J͑͒ in Eq. ͑34͒. The bath coupling strength is chosen as B / ͑M⍀͒ = 0.3 and the temperature is k B T = ⍀. Note that only in the Markovian whitenoise ͑i.e., c ӷ⍀͒ limit will the spectrum be of the bare harmonic frequency ⍀. As mentioned earlier, the correlation function or spectrum can be obtained either directly via Eq. ͑29͒ or indirectly via Eq. ͑26͒ followed by the fluctuation-dissipation relation Eq. ͑31͒. The two CODDE's results, shown as the two solid curves in the insert of Fig. 1 , are indistinguishable in the plots. In contrast, the neglect of driving-dissipation correlation contribution described by the second term of Eq. ͑29͒ or Eq. ͑26͒ leads to a substantial deviation from the fluctuationdissipation relation; see the two dotted curves in the inset of Fig. 1 .
Similar behavior is also found for anharmonic systems. Demonstrated in Fig. 2 On the other hand, those with neglecting the correlated driving-dissipation contribution are shown as two dotted curves that are of notifiable difference. The overtone peaks around Ϯ2⍀ are highlighted in the inserts of Fig. 2 , where the directly calculated spectrum around Ϫ2⍀ is found to become unphysically negative if the correlated driving-dissipation contribution is neglected. We have also tested for other parameters for the temperature, bath coupling parameters, and anharmonicity, and found that the CODDE's evaluation behaves in general much better than its driving-dissipation correlation-free counterpart. It thus clearly demonstrates the importance of correlated driving-dissipation contributions even in the evaluation of field-free response and correlation functions, to avoid the violation of fluctuation-dissipation theorem. It is noticed that in the Morse oscillator as Fig. 2 , the zero-frequency peak is retained due to dissipation. We shall examine this issue elsewhere with an improved QDT formulation.
IV. CONCLUDING REMARKS
We like to make some comments on CODDE vs the two conventional CS-QDT formulations; i.e., POP-CS-QDT ͓see, for example, Eqs. ͑17͒-͑20͒ of Ref. 12͔ and COP-CS-QDT ͓see, for example, Eqs. ͑A13͒ of Ref. 12͔. From the theoretical construction point of view, the CODDE can be considered as a variation of the POP-CS-QDT, sharing the same field-free dissipation R s , but differing at their drivingdissipation correlation, so that the set of semicoupled nonlinear equations in POP-CS-QDT are replaced by a set of coupled linear equations. The fact that POP-CS-QDT does not support a linear dynamical space leads to the discrimination in favor of CODDE.
We now turn to the choice between CODDE and COP-CS-QDT. As the latter supports also a linear dynamic space ͓see, for example, Eqs. ͑A13͒ of Ref. 12͔, one may argue that there would be no a prior criterion to judge which CS-QDT formulation is superior. However, based on our numerical tests on a variety of systems, 13 we have found that the COP-CS-QDT is in general the one to be discriminated against, especially as its long time dynamics and thermal equilibrium behaviors are concerned. Let us reexamine the Brownian oscillator system of Fig. 1 for the thermal equilibrium properties and compare between the COP-CS-QDT, CODDE, and exact QDT. 7, 13 Shown in Fig. 3 Fig. 3 by checking against the uncertainty principle. The CODDE, which shares the same equilibrium state of POP-CS-QDT, preserves the positivity for all the temperature in the system of study. Also note that either the CODDE or the exact results in a Gaussian eq ͑T͒ in phase space, while that from COP-CS-QDT is non-Gaussian. 13, 18 For a Gaussian state, we have the expressions for the temperature-dependent effective frequency ⍀ eff =2k B T arcoth͑2 ͱ pp͒, effective mass M eff = ⍀ eff −1 ͱ pp /, and effective occupation number n eff =1/͓exp͑␤⍀ eff ͒ −1͔ = ͱ pp− 1 ր 2 . Depicted in Fig. 4 are those temperature-dependent effective properties implied in Fig. 3 . In either the CODDE or the exact, we have ⍀ eff ͑T → ϱ͒ = ⍀ and M eff ͑T → ϱ͒ = M for high temperature regime, ⍀ eff ͑T → 0 K͒ϳT and M eff ͑T → 0 K͒ϳ1/T for low temperature regime, and n eff Ͼ 0 for all temperatures. The latter indicates that the reduced equilibrium state remains a mixed state even at T = 0 K due to the reduced statistical description of the zero-temperature bath fluctuation. 7, 13 While the CODDE's results in Fig. 4 are of quantitatively satisfactory in comparison with the exact ones at all temperatures, the COP-CS-QDT's results are shown clearly to violate the positivity at k B T / ⍀Ͻ0.3 and its thermal equilibrium state is not Gaussian. The superiority of CODDE to COP-CS-QDT has also been found in general for anharmonic systems ͑not shown here͒. The superiority is examined here explicitly via the thermal equilibrium properties. It is however rather general as the thermal equilibrium behavior determines both the long time dynamics and the proper initial states in relation to applications, such as the evaluation of correlation and response functions as shown in Sec. III B.
In summary, the CODDE that in a sense combines the merits of both POP-CS-QDT and COP-CS-QDT is thus the choice of application among the three CS-QDT formulations. The CODDE warrants the linear quantum dynamics space algebra that results in its straightforward applications to various physical problems, such as the optimal control problems illustrated in Ref. 14, and the response and correlation functions shown in this paper. In the path integral formulation, the correlation functions are treated in terms of complextime-integral influence functional. 7, [19] [20] [21] In this work, the CODDE dynamics evaluation of correlation/response functions is rooted to their dynamical origins of response theory. The initial conditions are introduced naturally in close contact with experiments. It is thus easy to understand why the driving-dissipation correlation is of considerable effect even in the evaluation of field-free response and correlation functions. It is also straightforward to construct nonlinear response formulations, together with the rotating wave approximation that may be needed for efficient evaluation of photoinduced dynamics in multisurface systems. Note that recently, exact QDT formulations have also been constructed in the linearly coupled EOM form. [22] [23] [24] The corresponding reduced Liouville-space theory to evaluate arbitrary correlation/response functions in contact with experimental measurements can thus be formulated following the same algebra as the present work. 
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